where
and K ,zzz denotes the third covariant derivative of K with respect to the metric g. A special case of (0.3) is K = Const. The question when a surface with singularities admits a metric of constant curvature is still open, though there are many interesting results about this problem. In [LT] and [UY] , sufficient and necessary conditions were given for special cases. A metric with curvature satisfying
is called HCMU (this means that the Hessian of the Curvature of the Metric is Umbilical). Another special case of (0.3) is the case where K is an HCMU metric but not a metric with constant curvature. On any football, there is an HCMU metric.
In [Ch5] , there are more examples of HCMU metrics that are not metrics of constant curvature.
In this paper, we discuss the extremal Hermitian metrics with finite energy and area on Riemann surfaces with conical singularities.
In [Ch4] , Chen classified all extremal Hermitian metrics with finite energy and area for compact Riemann surfaces with finite cusp singularities. He proved the following theorem. In particular, g is a metric with cusps.
For the definitions of cusp and weak cusp singularity, see Section 1. In this paper, we first show in Proposition 2.2 that any singular point of each extremal metric with finite area and energy on a singular surface is either a weak cusp or a conical singularity. Then we generalize Theorem A as follows.
Main theorem. Let M be a compact Riemann surface, let g be an extremal
Hermitian metric with finite energy and area on M \ {p j } j =1,...,n , and let K be the Gaussian curvature of g. Then g is a conical metric with singular angle α j (j = 1, . . . , n) (which may include some weak cusps). Furthermore, if all singular angles satisfy extremal Hermitian metric that is determined uniquely by the total area and two angles 2πα j . (iv) If M = S 2 and n = 1, then g is a rotationally symmetric metric that is determined uniquely by the total area and angle 2πα.
In view of a result of [LT] (see also Remark 5.2), we believe that our main theorem is optimal. In other words, there may be an extremal Hermitian metric with finite energy and area on a compact Riemann surface that is not HCMU if some singular conical angle is larger than π .
To establish a general theory for the existence of the extremal metrics, we have to consider compactness of the energy functional E or the convergence of extremal metrics. In [Ch3] , Chen analyzed the convergence of sequences of metrics with finite area and energy in an interesting, somewhat geometric way. We consider the convergence of the sequences of extremal Hermitian metrics with finite area and energy using a more analytic method in a forthcoming paper. In the limit, we may obtain an extremal metric on R 2 . This leads to classification of all extremal metrics with finite area and energy on R 2 . The classification of such metrics on R 2 will be discussed in that paper.
The main difficulty for obtaining the classification is that the Gaussian curvature K may become unbounded near singular points. We study the asymptotic behavior of extremal Hermitian metrics with finite energy and area near the singular point and sharpen some of Chen's estimates. Then we use the Kelvin transform and a simple cut-off function to transfer our problem to an entire solution of an almost extremal metric equation on R 2 , on which we can apply the global Poisson potential integral technique. By a careful analysis, we show that K can be extended continuously to the singular points, provided that singular angles are less than or equal to 2π. Finally, we show that any extremal Hermitian metric of finite area and energy is HCMU, provided that the singular angles are less than or equal to π.
The organization of this paper is as follows. In Section 1, by using the rescaling method, we study the asymptotic behavior of an extremal Hermitian metric with finite energy and area near the singular point. Then in Section 2, by using the global Poisson integral technique on R 2 , we prove that the metric is in fact weak cuspidal or conical. In Section 3, we study the asymptotic behavior of Gaussian curvature as well as its second covariant derivative near a singular point. The proof is more technical, based on the global Poisson potential integral analysis. In Section 4, we improve the estimate of the second covariant derivative of Gaussian curvature. After establishing the above preliminary results, we give the proof of the main theorem in Section 5.
1. Asymptotic behavior of metric. Let D be a disk centered at the origin. Suppose that g = e 2ψ |dz| 2 is an extremal metric with finite energy and area on D \ {0}. Let K be the Gaussian curvature of g. Then ψ and K satisfy the following system on D \ {0}:
for some constant c. 
Before we give the proof of Lemma 1.1, we state a useful lemma for positive harmonic functions, which can be found in [Ch4] . For any fixed a > 0, let T a = {x|e −a < |x| < e a }. Denote the best Harnack constant by β a for positive harmonic functions in the domain T 1 ⊂ T a ; that is,
We have the following lemma.
Lemma 1.2. We have lim a→+∞ β a = 1.
Proof of Lemma 1.1. It is sufficient to prove that for any sequence {x i } → 0,
By (1.1), ψ i satisfies
From Lemma 1.2, for any ε > 0, we can choose a sufficiently large number a such that β a < 1 + ε. Let v i be a smooth function on T a satisfying
Then from a result in [Ch3] ,
By the standard L 2 -estimate, we get 
It is clear that
Applying Lemma 1.1 to {u i }, we get
It follows that
Consequently,
This proves the lemma. Remark. In Definition 1.1, if 0 is a cusp point of the metric g = e 2ψ |dz| 2 of finite area and energy, then ρ in (1.8) has the form (− ln |z|) −γ h with γ ∈ (1/2, 3/2) and a smooth function h > 0.
We first have the following lemma. 
We can show that a weak cusp point of an extremal Hermitian metric with finite area and energy is actually a cusp (see [Ch4] ). In the present paper, we generalize this result for any weak conical point (cf. Proposition 2.2). In this section, we first prove the following proposition. Thus from Lemma 1.1, for any ε > 0, we have
as r → 0. Combining (1.10) and (1.11), we get
Since ε can be taken arbitrarily small, we get
Moreover, since D e 2ψ(x) dx is bounded, it is clear that α is nonnegative.
Conical structure of metrics.
In this section, we consider the conical structure of extremal Hermitian metrics.
The following estimate was proved in [Ch4] , which is generalized in Proposition 2.1. For completeness, we still include the proof.
Lemma 2.1. Let g = e 2ψ be an extremal metric with finite energy and area on D \ {0}, and let K be the Gaussian curvature. Then
Proof. It suffices to prove that for any sequence {|x i |} → 0,
Let ψ i and K i be the two smooth functions on T 1 defined by (1.2). By (1.1), it is clear that
We have
the standard elliptic estimate implies that
By the Hölder inequality, it follows that
Thus, from the standard L p -estimate, we get
In particular,
This, together with Lemma 1.1, implies that
Then the following two statements hold:
( 
Proof. First from (1.1) and the Hölder inequality, we notice that
Then we define a L p -integral function on D:
From Lemma 2.1, we have
Applying Lemma 2.2, we obtain
From (2.5) and Proposition 1.1, we have
Thus there is a smooth function u (x) on D such that
In particular, we have
Combining (2.6) and (2.7), we get
Now we improve Lemma 2.1 to the following proposition, which is crucial to us.
Proposition 2.1. Let g = e 2ψ |dz| 2 be an extremal metric with finite energy and area on D \ {0}, and let K be the Gaussian curvature of g. Then
Proof. As in Lemma 2.1, it suffices to prove that for any sequence {x i } → 0,
From (2.3), we have
By Lemma 1.3, it is easy to see that On the other hand, by Lemma 2.3,
uniformly for e −1 ≤ r ≤ e 1 . Combining (2.11) and (2.12), we get
when i is sufficiently large.
In view of (2.9) and (2.13), we get
Remark. We can also show an -regularity-type theorem for extremal Hermitian metrics (see such a result for harmonic maps in [Sc] ), from which Proposition 2.1 can be deduced. We believe that Proposition 2.1 is optimal.
Lemma 2.4. Let u(x) and f (x) be two smooth functions on R 2 satisfying
Suppose that for some positive number ε,
(2.14)
as |x| → +∞. Then there is a uniform C > 0 such that as |x| → +∞,
Proof. Let
It is clear that
We claim that there is a uniform constant C > 0 such that
as |x| → +∞, where β = (1/2π) R 2 f (y)dy. To see this, we need only to verify that
is uniformly bounded as |x| → +∞. First, from (2.14) we notice that
for another small constant ε > 0.
Decompose I as follows: I = I 1 + I 2 + I 3 , where I 1 , I 2 , and I 3 are integrals on the regions D 1 = {y; |y| ≤ R}, D 2 = {y; |x −y| ≤ 1 and y ≥ R}, and D 3 = {y; |x −y| ≥ 1 and y ≥ R}, respectively. We estimate
and
It follows that there is a uniform constant C > 0 such that
that is,
It is clear that v is a harmonic function on R 2 . From (2.17) and (2.14), we have v(x) ≤ o(|x|). It follows that v(x) ≡ Const. Again from (2.17), we see that there is a uniform constant C such that Proof. By Lemma 1.3, x = 0 is a weak cusp or a weak conical singular point with angle 2πα > 0. The case where x = 0 is a weak conical singular point was already considered in [Ch2] . Thus we assume that x = 0 is a weak conical singular point with angle 2πα.
It is convenient to make a change of coordinates. Let w = 1/z, k(w) = K(1/w), and e 2φ(w) |dw| 2 = e 2ψ(z) |dz| 2 . (When there is no confusion, we also denote k by 
Let φ * = ηφ. Then by (2.19), φ * is a smooth function on R 2 and satisfies for large |w|.
(2.23)
Thus we can apply Lemma 2.4 to (2.21) to show that there is a uniform constant C > 0 such that as |y| → +∞,
where β = (1/2π) R 2 h dy. Equations (2.20) and (2.24) imply that β = −(1 + α). Combining (2.18) and (2.24), we get
as |x| → 0. Thus we see that g is a conical metric with the singular angle 2πα > 0 at x = 0.
3. Asymptotic behavior of the Gaussian curvature. We need the following lemma.
Lemma 3.1. Let u(x) and f (x) be two smooth functions on R 2 satisfying
It is easy to see that
We claim that w(x) ln |x| −→f as |x| −→ +∞, 
Moreover, from (3.1) and the assumption of the lemma, we have |v(x)| ≤ o(|x|). It follows that v(x) ≡ Const. Again from (3.1), we get u(x) ln |x| = w(x) + Const ln |x| −→f as |x| −→ +∞.
Now we want to show that the Gaussian curvature K can be extended continuously to singular points with angles 2πα i , provided that α i ≤ 1 for any i. Then the Gaussian curvature function K(x) of g can be extended continuously to the singular points {p j } j =1,...,n .
Proof. We divide the proof into several steps. When a singular point is a weak cusp, such a result was shown in [Ch4] . Hence, in the sequel, we only consider conical singularities.
Step 1. We first obtain an asymptotic behavior of the Gaussian curvature K.
Lemma 3.2. Let g = e 2ψ(z) |dz| 2 be an extremal Hermitian metric on D \{0}, and let K(x) be the Gaussian curvature of g. Suppose that x = 0 is a conical singular point with angle 2πα ≤ 2π . Then
for some constant β. Furthermore, we have
Proof. As in the proof of Proposition 2.2, we make a change of coordinates w = 1/z and e 2φ(w) |dw| 2 = e 2ψ(z) |dz| 2 . Then φ(w) is an extremal Hermitian metric with curvature K(w) = K(z) on R 2 \ B(R/2) for some sufficiently large R, and the Gaussian curvature K(w) satisfies
Let η ≥ 0 be a smooth cut-off function on R 2 as in Proposition 2.2 and K * (y) = η(y)K(y). By (3.3), K * (y) is a smooth function on R 2 and satisfies
We also denote K * by f . From Proposition 2.1, we have
(Here we have used the assumption that α ≤ 1.) Since
applying Lemma 3.1 to (3.4), we obtain
In view of (3.5), we can improve the above estimates for f to
Now applying Lemma 2.4 to (3.4), we see that there is a uniform constant C > 0 such that
From Lemma 3.2 and Proposition 2.2, we see that
for some constants c 1 and c 2 , where h and f are determined by (2.21) and (3.4), respectively. Furthermore, we have φ = φ * and K = K * on R 2 \ B(R).
Step 2. We study the asymptotic behavior of the first derivatives of K.
Lemma 3.3. Let (r, θ ) be the polar coordinate system on R 2 . Then we have
for large r = |x| > R. Moreover,
for some constants a 0 and b 0 .
Proof. Since rK r = x 1 K 1 + x 2 K 2 , from (3.7) we have
R≤|y|≤ r
(3.14)
where k is a large constant and is a small one. From Proposition 2.2 and Lemma 3.2, we estimate that 
(3.18)
Then (3.8) follows from these estimates and from (3.14). The proofs of (3.9), (3.10), and (3.11) are similar to that of (3.8), so we omit them. From (3.8), we have
This implies that for any θ ∈ [0, 2π], there are numbers b(θ) such that
In view of (3.9), we have b(θ) ≡ b 0 , and as a consequence (3.12) holds. Similarly, from (3.10) and (3.11), we can get (3.13). This proves Lemma 3.3.
Step 3. Now we improve the previous estimates. On the other hand, from (3.12) and (3.13), we have
Moreover, as in (3.16), (3.17), and (3.18), we estimate that
Applying (3.22) and (3.23) to (3.14), we obtain
This proves (3.19). Similarly, we can prove (3.20).
Step 4. In this step, we estimate the asymptotic behavior of a second derivative of K, which is crucial to the proof of Proposition 3.1. Proof. Here we use the same notation as in the proof of Lemma 3.4. Recall that for |r| ≥ R,
We compute
Similarly, for |r| ≥ R, by using
we have
where y = (−y 2 , y 1 ) and
The following identity is important for us:
It is easy to check that
Combining (3.25) and (3.26) and applying the previous identity, we get
Then by Lemmas 3.3 and 3.4, we have
By using the same argument as in the proof of Lemma 3.4, we have the following estimate:
(3.30)
From (3.9) and (3.11), we also have
By inserting (3.27), (3.28), (3.30), and (3.31) into (3.29), we get (3.24) immediately.
Step 5. In this step, we show that β = 0 by using the holomorphicity of K ,zz in D \ {0}.
Lemma 3.6. Let g = e 2ψ(z) |dz| 2 be an extremal Hermitian metric with finite energy and area on D \{0}, and let K(x) be the Gaussian curvature of g. Suppose that x = 0 is a conical singular point with angle 2πα ≤ 2π. Then
that is, β = 0.
Proof. Keep the notation in Lemma 3.2. It is easy to check that
and Thus from (3.31), we get
+ O ln rr −2α + an imaginary part .
Since K ,zz is a holomorphic function on D \ {0}, we conclude that 1 2α
which yields β = 0. Moreover, by Propositions 2.1 and 2.2 and by the assumption that α ≤ 1, we have
The standard L 2 -estimate implies that
On the other hand, by Proposition 2.2 and (2.13), we have
It follows by the standard L 2 -estimate that
for some uniform C 1 . In particular, there is a uniform constant C 2 > 0 such that
from (4.3) and (4.4), we have
It follows that for any δ > 0,
Therefore, we get
Using the standard iteration of (4.5), we see that there is a number C 4 such that for any small positive number ε ,
It follows that K ,zz z 2 is a holomorphic function on D because K ,zz z 2 is a holomorphic function on D \ {0}. Thus there is a uniform constant C such that
We improve Lemma 4.1 in the following proposition.
Proposition 4.1. Let g = e 2ψ(z) |dz| 2 be an extremal Hermitian metric with finite energy and area on D \ {0}, and let K(x) be the Gaussian curvature of g. Suppose that x = 0 is a weak cusp or a conical singular point with angle 2πα ≤ 2π. Then
Proof. Let u = ln |z| = ln r and w = u + √ −1θ, where θ ∈ [0, 2π]. Let
In view of Lemma 3.3, we see that there is a number β such that
where K(u, θ ) is the Gaussian curvature of g. From (4.8), we have
Comparing (4.9) with (3.2) in Lemma 3.2, together with Proposition 3.1, we get β = 0. Let {u i } → −∞ and T i (2) = {(u, θ) | u i < u < u i + 2}. Similar to (2.13), we have
uniformly on T i (2) when i is sufficiently large. From (4.7) and Lemma 3.3, we have
Proposition 2.1 tells us that
as u → −∞. It follows from this, together with the standard L 2 -theory and (4.11), that
as i → +∞. Similarly, from (2.24) and
for some uniform constant C. Since
.
It follows that
On the other hand, by Lemma 4.1, we may assume that
where c 2 and c 1 are two constants and η(z) is a holomorphic function on D. Then
(4.15)
Comparing (4.14) with (4.15), we get c 2 = 0, and consequently
This proves the proposition. 
Extremal metrics on Riemann surfaces
On the other hand, as in the proof of Proposition 4.1, it is easy to see that Proof of the main theorem. The first statement has been proven in Proposition 2.2. We need to prove the second statement. Proposition 4.1 and Lemma 5.1 imply that we can integrate (0.3) by parts to get (0.4), that is, the extremal Hermitian metric g is HCMU (cf. [Ch4] ). Now (i) follows from the fact that there is no nontrivial holomorphic vector field on a compact Riemann surface with genus(M) ≥ 1; (ii) follows from the fact that there are only two zero points of a nontrivial holomorphic vector on S 2 .
The proof of (iii) follows from the fact that if M = S 2 and n = 2, there are two cases: (a) if both singular points are cusp, then there is no extremal Hermitian metric (cf.
[Ch4]); (b) if at least one of the singular points is not a cusp, then there is a unique, rotationally symmetric extremal Hermitian metric that can be constructed by solving an ODE system and determined by the total area and two angles 2πα j . Finally, (iv) follows from a result of [Ch5] , namely, that ψ is radially symmetric if g is HCMU, M = S 2 , n = 1, and in addition, if α is not an integer. Now we can assume that an HCMU metric is of form g = du 2 + f (u) 2 dθ 2 for some smooth positive function f (u), where u ∈ [0, +∞) is the conformal parameter and θ ∈ S 1 . It is easy to see that f and the Gaussian curvature K =f /f satisfy the ODE system (cf. From the above equations, we can determine c, b 1 , b 2 uniquely by the two angles 2πα j and the area A unless α 1 = α 2 = 0. Therefore, we can solve the system (5.3) and get the unique solution f (u), and consequently we can construct the rotationally symmetric extremal Hermitian metric, which is determined uniquely by α j and A (cf. [La] ). This completes the proof of our main theorem.
Remark 5.2. For the case of M = S 2 and n = 3, Luo and Tian [LT] proved the following result: Let the singular angles 2πα i ∈ (0, 2π), i = 1, 2, 3. Then there exists a metric with positive constant Gaussian curvature on S 2 \ {p j } if and only if α 1 + α 2 + α 3 > 1 and i (α i − α j ) < 1, j = 1, 2, 3. Thus if we choose α 1 = α 2 > 1/2 and α 3 > 0 such that α 1 + α 2 − 2α 3 > 1, then there is no metric on S 2 \ {p j } with positive constant Gaussian curvature. See also [CL4] . On the other hand, it is conjectured that extremal metrics exist on any surface with conical singularities (see [Ch5] ). If the conjecture is true, the above result shows that the classification in our main theorem is optimal.
Note added in proof. After submitting this paper, we learnt from X. X. Chen that he proved that any surface (with or without boundary) with conical singularities of angles strictly less than 2π admits at least one extremal Hermitian metric. See [Ch1] for his proof. From this result, our classification is optimal as discussed in Remark 5.2.
